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Accurate Transonic Wave Drag Prediction
Using Simple Physical Models

Josef Mertens,* Karl D. Klevenhusen,t and Heinz Jakobi
Messerschmidt-Bélkow-Blohm GmbH, Bremen, Federal Republic of Germany

A new method is presented to compute the transonic wave drag of airfoils. Coupled with an inverse
boundary-layer procedure, the calculated results have an accuracy comparable to experiments. The method is
robust and easy to handle without the necessity of tuning; hence, it is an excellent engineering tool for super-
critical airfoil design. The inviscid flowfield is assumed to be governed by the full potential equation except at
the shock. The solution is obtained by a finite-difference method. At shock points, a shock operator is in-
troduced; it satisfies the kinematic Prandtl relation for normal and oblique shocks, which is the consistent
condition for the velocity potential. For each streamline behind the shock, an entropy correction is calculated
by the Rankine-Hugoniot equations. The wave drag is given by integrating the entropy rise along the shock.
The computational mesh, formed by incompressible stream and potential lines, allows easy coupling of the
boundary-layer solution at the airfoil and wake. The H-type singularity at the incompressible stagnation point
is handled by a finite-volume procedure. For better physical pressure and drag solutions, the condition of the
normal shock has to be altered due to the boundary layer. Therefore, an analytic model of the inviscid in-
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terference region was developed and the essential features are embedded in the numerical procedure.

Nomenclature
A =defined by Eq. (2)
a =speed of sound
a* =reduced critical speed for oblique shock defined
by Eq. (8)
AL =angle of attack
B =Prandtl correction of shock operator, Eq. (4)

Cp,CD  =drag coefficient
C,,CL =lift coefficient

C,,CP  =pressure coefficient

C, =specific heat, constant volume
D~ =backward difference

D = central difference

D, =wave drag

drF =area element of shock, Eq. (14)
K = Bernoulli constant, Eqgs. (11), (12)
L = profile chord

l =length of shock interference region
M =Mach number

P =static pressure

PrOp = Prandtl operator, Egs. (3), (4), (6-8)
: = specific entropy
=velocity value
= Cartesian coordinates
=assumed focus of compression wave, Fig. 7
=Mach angle
=quotient of specific heats
=grid spacing, x direction
=displacement thickness of boundary layer
=rise of displacement thickness in interference
region
=shock angle
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4 = deflection angle of streamline
P = density

¢ =velocity potential

Q =region

Subscripts

L =lower side of trailing edge, Egs. (15-17)

m =shock with maximum deflection angle

U =upper side of trailing edge, Eqs. (15-17)

Z =focus point, Figs. 7 and 8

) =flow conditions at the boundary-layer border
upstream of the shock interference region, Fig.

7, region Q,
0 = stagnation conditions
® = freestream conditions
Superscripts
()* =critical conditions at u=a=:a*
) =immediately behind shock
Introduction

RAG prediction at transonic speeds is still a difficult

task even for planar flow. There are two typical defi-
ciencies when calculating drag by integration of pressure in
modern numerical methods.

First, the integration may be inaccurate due to numerical
errors caused by a crude grid size, a solution that has not
fully converged, or simply integration errors. Clearly, one
can improve the results by refining or optimizing the grid
size or the integration procedure, but this would cause an in-
creased numerical effort that is not desirable and, as will be
shown, not necessary.

Furthermore, it is well known that in subsonic cases
boundary-layer methods are useful for predicting not only
skin-friction drag, but also momentum drag, which is the
sum of pressure drag and skin-friction drag. Hence, there is
no need to integrate the pressure at subsonic speeds.
However, at transonic speeds, shocks may occur and the
total drag is the sum of boundary-layer momentum drag and
wave drag. In this case, a correct drag prediction by com-
mon numerical methods is not possible if they cannot
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describe the physical phenomenon of the shock itself and of
the shock/boundary-layer interaction in sufficient detail.

The present paper shows a simple way of fitting the
physical phenomena of entropy increase and shock/
boundary-layer interaction into a method based on the full
potential equation, which in its original form cannot describe
these phenomena. But these improvements enable the
method to predict wave drag in a manner that is physically
correct.

Basic Inviscid Method
Full Potential Equation

The governing equation for the present analysis is the
quasilinear full potential equation

(2 =) b + (o — D) b, — 20,00, =0 M

This equation is strictly valid for the flowfield in front of a
shock; it describes quite well the flow behind a weak shock,
although it is not valid at the shock itself.

The numerical treatment of this equation is well proved by
Bauer-Garabedian’s method! using the finite-difference
scheme of Murman-Cole? and including a conservative shock
point operator.? From a mathematical point of view, conser-
vative schemes are more correct than nonconservative ones.
However, compared with experimental data or the results of
Euler codes,* nonconservative codes give much better
results. The reason for this effect is that the isentropic mass
production simulates the entropy increase at a shock in real
flow.

Shock Point Operator

Adding to the results of several other authors dealing with
entropy corrections,’!* a shock point operator for Eq. (1)
was found?® to satisfy Prandtl’s equation.

Assuming one-dimensional flow, Eq. (1) reduces to

Ar=(a"~ 7)o =0 @

Then, at shock point [ (see Fig. 1), a finite-difference
operator is introduced by

D-A+DA+B=0 3)
with
1 v+1 ;
B:ZE'T(MHI/Z_%’—S/Z) 4

D~ denotes the backward and D the central differencing of
A. D-A+D* A is the well-known Murman operator.? This
means that the so-called Prandt] operator (PrOp) is actually
Murman’s operator with the addition of a usually nonzero
term. Hence, the new operator is not ‘‘conservative.”

The shock point i is detected when central differencing in-
dicates subsonic flow and backward differencing supersonic
flow.

One can show that this PrOp satisfies exactly

Uiz Uiy n=a*? &)

which is known as Prandtl’s equation.

This is the consistent condition of a shock point operator
within the framework of the full potential equation, because
Prandtl’s equation is pure kinematic, as is the velocity
potential.

In the case of oblique shocks, which is very important for
shock/boundary-layer interaction, instead of Eqg. (4), one
gets

1 y+1

B: B Uy —ti_3p)°

+3(a*? —a*?) ;10 — Uim32)] ©)
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This operator satisfies the equation

— %2
Uiz Uiy =a* )
with

2= a*?—(y—=D/(y+1)-ut,,, -cos’0 (8)
sSin@© -sin(© — )

which is Prandtl’s equation for oblique shocks with shock
angle © and deflection angle ¢. In Egs. (7) and (8), it should
be noted that the velocities are not normal to the shock, but
in the streamline direction.

These shock point operators were fitted into a finite-
difference code in the same manner as Murman’s operator
by Garabedian-Korn.! When using the PrOp, the computed
flowfield is still irrotational behind a shock, but the
calculated velocity jump across the shock is physically
correct.

Applying the conservation laws of mass

pu=pi )]
and momentum
put+p=pit+p (10

(or energy) at the shock, p and p can be calculated, where
() indicates values behind the shock. Then, it follows that

K:=prp" (11

which is constant along a streamline behind the shock.
Hence, the constants in front of the shock

K:=p/o" (12)

and behind the shock [Eq. (11)] are quite different, but
physically correct. From this difference, an entropy jump,
which must be taken into account when determining pressure
coefficients C,, can be calculated.

shock location
M>1 M<i1
Ui- 3 Ui -1 Yisy,
1 L 4 L .
T ax ' Ax I ax ! X
1-2 i-1 | 141

Fig. 1 Streamline points at the shock.
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Fig. 2 NACA 0012, comparison of shock point operators.
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Wave Drag
The entropy jump across the shock is given by

§—s=C,tm(K/K) a3)

Then, the wave drag is determined by Oswatitsch’s'¢ formula
integrating along shock lines,
1 a*? §—s
DW——u—:SShock 'y('y—l)pu C, aF (14
The numerical evaluation of this integral was found to be
much more accurate than integration of the pressure around
the airfoil.

Thus, the PrOp combined with the past shock corrections
[Egs. (9) and (10)] satisfies all the Rankine-Hugoniot condi-
tions in the streamline direction. The tangential Rankine-
Hugoniot condition is identically fulfilled since the potential
mist not have a jump.

Kutta Condition

When shocks occur, there are usually different constants K
at the upper and lower sides of the trailing edge of an airfoil.
This, of course, affects the Kutta condition.

A common Kutta condition consists of equal static
pressure at both sides of the trailing edge,

P,—P; =0 15)
This leads to the condition
uy—u; =0 (16)
in isentropic flow and to

2a3 1— (K, /K )V
uv_uLz( d _ui)__U_L___
Y- Uy+uy

an

in the case of different constants K; and K. When using
Kutta condition [Eq. (17)], there is a jump of tangential
velocities at the trailing edge that must be carried on along a
wake line behind the airfoil up to infinity. Numerical in-
vestigations showed that it is not necessary to apply Eq. (17)
if the local Mach numbers are <1.3 in front of the shock.

The effects of several shock operators are displayed in Fig.
2. When applying Murman’s operator, we obtain unrealistic
shock locations and strengths. On the other hand, the
present normal PrOp shifts the shock position upstream and
reduces its strength. This is a typical feature of non-
conservative schemes and the effect increases when applying
oblique PrOp with the assumption of shock inclination.
Nevertheless, in this case, the shock is standing some
distance downstream from the shock determined by a com-
mon nonconservative scheme.

The present method of allowing entropy changes is a
potential approximation to the Euler equations. It yields
results that agree very well with those of Euler codes. !

Grid

An optimal computational grid for numerical methods
should be carefully adapted to the mathematical, numerical,
geometrical, and physical aspects of the problem. We chose
a grid of H-type, formed by the potential and streamlines of
incompressible flow around the given airfoil.'” (See Fig. 3.)
This closely aligns the grid with the compressible streamlines,
so that it is unnecessary to use a rotated difference scheme.
Furthermore, the grid line arising from the trailing edge gives
a reasonable estimate for a wake, which has to be used as a
communication line between the potential and boundary-
layer calculations.
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One disadvantage of the H-grid topology is that the
transformation from the physical to computational plane is
singular at the stagnation points of incompressible flow at
the leading and trailing edges of the profile. Consequently,
these points must be handled separately.!8:19

First, the front stagnation point S will always be chosen as
a node point of the grid. In order to get an updated value
for the velocity potential in the relaxation process at S, a
finite volume is cut out of the flowfield (Fig. 4). Velocity
and density are calculated at the corner points 1-9 by
numerical differentiation of the potential. The equation of
mass conservation is then solved for the unknown potential
value at the singular point S.

A tangential velocity component is allowed at the singular
point S, i.e., the compressible stagnation point need not

[NENEE |

Fig. 3 Streamline coordinates.

finite volume

S Stagnation point
\ Of incompressible flow

Fig. 4 Finite volume at incompressible stagnation point.
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Fig. 5 One-shock model, M;=1.2.
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Fig. 6 Interferogram, M;=1.36.

Fig. 7 Real configuration, M; =1.3.

coincide with S. This is easily verified by choosing different
angles of attack for the H-grid and the onset flow. The com-
pressible stagnation point then varies substantially from S,
but the calculated transonic flow shows only minor changes
within the overall accuracy.

We never make the trailing edge of the profile a node
point of the grid. Instead, there are two node points slightly
inside the profile at the upper and lower surfaces that are
used to control the Kutta condition. The velocities at these
points are determined by differencing across the trailing edge
from the contour onto the wake line.

Shock/Boundary-Layer Interference Model
Shock Conditions at the Boundary Layer

At the wing surface, the normal shock interacts with the
boundary layer. Until now, this strong interference problem
has not been adequately resolved and most solutions produce
wrong pressure and drag results.

In the slow boundary layer, flow pressure disturbances can
proceed upstream, thus diminishing the pressure jump across
the shock. Weakening of the shock is coupled with an in-
clination © of the shock,? as can be seen in the shock polar
P() in Fig. 5. For stable subsonic downstream conditions,
the weakest shock strength is reached at the maximum
deflection angle ¢, with shock inclination ©,,. A transition
is required from the normal shock in the outer flow region to
the oblique shock at the boundary layer. Figure 5 shows the
weakening of the strong shock belonging to the upper part
of the shock polar p(¥).

A reduction of pressure jump not only occurs by shock
weakening, but also—and more effectively—by spreading of
the pressure rise. The upstream propagating disturbances in
the boundary layer split the oblique shock into an isentropic
compression wave followed by a strong shock, a so-called
“Mach shock.”” This phenomenon occurs in high-resolution
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Fig. 8 Approximate method.

i
N

~ Calculation of inviscid flowfield with
old 6, and oblique PrOp for O, everywhere
1

Wall preérshr‘enéalculation with entropy
correction behind the shock and old z,{6;)

~ Boundary layer calculation with
_determination of new &, inclus. 6,

solution converged ?

Wave drag calculation with
oblique PrOp for z < z,
normal PrOp for z > z,

Fig. 9 Calculation cycle of viscid-inviscid interaction.

experiments,??2 as shown in Fig. 6. Reaching higher pre-
shock Mach numbers M; = 1.3, the boundary-layer separates
and the upstream compression wave begins to converge into
a weak shock.

Approximate Solution of the Shock/Boundary-Layer Interaction

Figure 7 shows the situation of the flow in Fig. 6 at
M;=<1.3 where the incoming supersonic flow is assumed
homogeneous (2;). In the outer flow, there is a normal
shock between @, and Q. Between Q, and Q;, the shock
weakens and inclines. Q, is the induced compression wave
nearly focusing at Z. Behind @, is a small homogeneous
region Q,, terminated by the Mach shock and the homogeneous
subsonic downstream region Q.

For the approximate solution of the inviscid part of the in-
terference region, the compression wave £, is assumed to be
focused at Z. (For a combination of a focused compression
wave, an oblique outer shock with inclination ©,,, and a
Mach shock, solutions at the triple point Z exist for
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Fig. 11 NACA-0012, transonic flow.

preshock Mach numbers M, >v2.) In good agreement with
experiment,?!?2 we use as postshock condition at Z and in Q,
the postshock pressure §,, of the maximum deflection angle
#,,; thus, the deflection angle &, itself cannot be reached
(M, <\/_ 2). In addition, the Mach shock between ©; and , is
assumed to be normal.

These assumptions result in a closed solution? for the
focused compression wave Q,, the homogeneous region ;
terminated by the Mach shock, and the homogeneous sub-
sonic downstream region @,. For air (y=1.4), it yields p,
given by the shock polar,

Pm=py-1/2-(MF—2+ [M}+4/3-(5+M})]'2)  (18)

Combining the isentropic pressure rise

—p, - (ﬂ)wz (19)
Ps=D S+M3

and p,,/p; at the normal Mach shock results in

_1_7‘—,"__71\42_1( 1\/13)7/2
5+M;

P 6 @0
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where M3 — 1 <1 holds. The second respective first-order solu-

oot (- (2[5 "))

a2 () ] @
=715, 5z )

The streamline angle ¢, is given by a characteristics solution
of the isentropic field {2,

VME — 1 -~ M} - 1)
M;-M,
ME=T- ¢1
6 +VMZ—1NM;
As for the region Q,, Egs. (19) and (22) hold for the compres-
sion wave 2, with index 2 instead of 3 and M;>M,>M;;

the Mach number distribution M, is given with focus Z at
(x..z;) as

M;—1
M, (x) =6 tan? | arc tan ;

1 1 Z;
+—= N3 (arc sm—Ma——arc tanx —x)] +1 23)

z

d4 =arc sin (

+V6-arc tan (\/_ 22)

This solution includes the shape of the boundary-layer
ramp (given by a streamline at the border) and the pressure
distribution. Due to the geometric similarity, there remains
one parameter z, for the determination of the size of the
region. It can be calculated by the increase of the displace-

ment thickness §;

& 1
. L , sina:=—— 4
M -sin 35 -cos(a; — 93) M,

Z;=

or the length of the interference region /,*

1 +tan2d,
= 25
= ot oy +tand, 25)

A summary of the approximate method is shown in Fig. 8
and

6(Pm/p1)+1
sin?@,, = 2 Pn/PU*+ L z 1\2) 26)

Numerical Method

When applying numerical methods, it is sufficient for the
pressure calculation to assume a normal shock in the outer
region between €, and Q¢ (z>z,, see top of Fig. 8) and an
oblique shock with a pressure jump to p,, in the inviscid in-
terference region between Q, and ,(z=<z;). The size of the
interference region is obtained prescribing 8; or / according
to Fig. 8. In contrast to the computed pressure jump at point
F, a resolution of the pressure distribution along AB is
analytically prescribed for the boundary-layer computation.
The displacement thickness &, is growing with grad p in the
boundary-layer equations; however, because the inverse for
the analytical solution along AB holds, grad p~1/6,, a solu-
tion can be achieved by continuing the iterations of the
viscid-inviscid interaction.?® The entropy in @, (z<z) is
given by the entropy rise at the Mach shock.

This interference model was embedded in a full potential
code using the above-introduced shock operator. In Fig. 9,
the pressure distribution is computed with a shock inclina-
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Fig. 12 RAE-2822, M, =0.73, Re,, =6.5x 105,
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Fig. 13 RAE-2822, M_ =0.73, Re., =6.5x 10°.

tion ©,, everywhere; it is the right condition at the airfoil
boundary and gives minor errors in the outer field due to the
small shock strength there. On the other hand, the wave drag
is determined with an oblique shock for z=<z, and a normal
shock in the outer field z>z,. This splitting of the shock
computation between the pressure distribution and wave
drag is necessary because a potential method cannot resolve
the slip line belonging to the change in shock strength at Z.

Boundary-Layer Method

The calculation scheme outlined in the previous section
was incorporated in a viscous-inviscid interaction method?
that allowed treatment of the strong interaction regions by a
semi-inverse matching procedure coupling the outer inviscid
flow with an inverse boundary-layer integral method.?® The
turbulent closure for separated flows is based on Alber’s
similar solution.”” The empirical relations of the Walz
method?® are used for turbulent attached boundary layers.
The laminar boundary layer is calculated by a modified Walz
method,?® which computes transition by an empirical rela-
tion of Thiede.?°

Limitations of the Model

The presented model describes shock/boundary-layer
interaction by changing the inviscid boundary condition of a
normal shock to a maximum weakening of the shock by the
boundary layer. This is valid as long as the boundary layer
does not separate at the shock; for turbulent boundary
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Fig. 14 Wave drag accuracy, NACA 0012, M, =0.8, AL=0.

layers, this is M;=<1.3. When the boundary layer separates,
the shock weakening decreases and the compression wave
converges to a weak shock resulting in a X shock. Now the
pressure p, behind the shock cannot be prescribed and there
is a strong coupling of the numerical solutions.”* However,
this problem is beyond the scope of the present paper.

Results
Examples

Wave drag is a physical phenomenon of inviscid flow.
Hence, we cannot compare computed wave drag with ex-
perimental data. Boundary-layer effects must be taken into
account.

Figure 10 demonstrates the quality of the method for a
subsonic case. The wave drag is exactly zero and the com-
puted drag is identical to the momentum drag computed by
the boundary-layer method. In this case, there is excellent
agreement with experimental data.

In the supercritical case (Fig. 11), the computed drag is the
sum of boundary-layer momentum drag and wave drag.
Again, there is excellent agreement with experimental data.

Figure 12 shows the effect of the different shock operators
in the viscous case. In case of common nonconservative
form, the wave drag was computed by pressure integration;
this method fails absolutely with respect to drag prediction.
The best result is obtained using the shock operator for ob-
lique shock, as described here.

In Fig. 13, a calculated drag polar is compared with ex-
perimental data and calculated data of other authors. At the
point CL=0.8, M, =0.73, our calculated results agree very
well with experimental results. For the other two points, our
calculation with M, =0.73 must give higher drag values than
those of the experiment, as the experiment was conducted at
lower Mach number M, =0.725.

Computational Accuracy

The computation is done on the above-mentioned H-type
grid with 101 points in the streamwise direction, 61 of which
are on one side of the airfoil contour. The computational
domain is 5 chords in each direction around the airfoil, i.e., ap-
proximately 11 chordsin the xand 10in the z direction. The first
iterations are done on a crude grid with doubled mesh size.
In the far field, the velocity potential is prescribed by the
Prandtl-Glauert panel solution used for grid generation and
the circulation is corrected by the transonic solution. Some
tests were done with outer boundaries at a distance of 8, 12,
and 20 chords. The results changed only within the overall
computational accuracy for eight chords distance.

Some special tests were done on the accuracy of wave drag
computation. The left part of Fig. 14 demonstrates that wave
drag is nearly independent of grid spacing; the left point
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belongs to the normal grid with 61 points per chord, the
right one to 29 points. The right part shows the convergence
history for a solution cycle on crude and fine grid.

The difference equations were solved by a simple SLOR
method. It takes 163 s of CPU time on an IBM 3081 for an
inviscid problem with normal PrOP. For a viscous solution
with oblique PrOp, the CPU time depends on problem (lift,
transition, separation), but remains below 300 s on the same
machine.

Extensions to Three Dimensions

A three-dimensional shock point operator and a three-
dimensional shock/boundary-layer interference model are
constructable by transforming the two-dimensional models
to a direction normal to the shock. All we need is the sweep-
back angle of the shock. But the restriction to flows without
shock-induced separation still remains. It is not yet known
whether the limiting condition for shock separation is the
normal preshock Mach number of about 1.3 as for two
dimensions. Last but not least, for complete drag prediction,
a three-dimensional inverse boundary-layer method must be
available.

Conclusion

A method to predict transonic wave drag was presented,
emphasizing the essential physical effects and simple coding.

It was shown that it is possible to describe the effects of
entropy increase at the shock/boundary-layer interference
within the framework of the full potential equation. This
equation is strictly valid in the outer flowfield in front of the
shock; it describes quite well the flow behind a weak shock
when a so-called ‘‘Prandtl operator’ is introduced at the
shock location. This operator satisfies the Prandtl equation,
which is the consistent jump condition at the shock. The re-
maining part of the Rankine-Hugoniot conditions gives the
entropy jump to correct the pressure behind the shock.

The boundary condition of an inviscid shock is that it be
normal at the wall. It must be replaced by the viscous
boundary condition of the shock, which was shown to be a
shock with a maximum deflection angle at the nonseparated
boundary layer.

A full potential code with the improvements described
above allows flow computation around airfoils with very ac-
curate drag prediction. The code is fast and easy to handle.
It is a powerful design tool, especially for modern transport
aircraft.
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